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Abstract 

Introducing an //-Hopf algebroid structure into Uq^p{sl2), we investigate the vertex 
operators of the ehiptic quantum group Uq^p{sl2) defined as intertwining operators 
of infinite dimensional [/q^p(5[2)-modules. We show that the vertex operators coin- 
cide with the previous results obtained indirectly by using the quasi-Hopf algebra 
Bq,x{^h)- This shows a consistency of our ff-Hopf algebroid structure even in the 
case with non-zero central element. 

1 The Elliptic Algebra Uq^p(Si2) 

In this section we review a definition of the elliptic algebra f/g,p(s[2) and its RLL formu- 
lation following [1,2]. 

1.1 Definition of ?7g,p(5l2) 

The elliptic algebra f/g,p(s[2) was introduced in [1] as an elliptic analogue of the quantum 
affine algebra Uq{sl2) in the Drinfeld realization. It was soon realized that f/g,p(s[2) is 
isomorphic to the the tensor product of Uq{sl2) and a Heisenberg algebra {P, e^} [2]. We 
here define f/g,p(s[2) along the latter observation. 

Let us fix a complex number q such that g 7^ 0, |g| < 1. 

Definition 1.1. [3] For a field K, the quantum affine algebra K[f/g(s[2)] in the Drinfeld 
realization is an associative algebra over K generated by the Drinfeld generators an {n G 
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Z^o); G Z), h, c,d. The defining relations are given as follows, 

c : central , 

[h, d] = 0, [d, a„] = nan, [d, x^] = nx^, 
[/i,a„] = 0, [h,x^{z)] = ±2x^{z), 

a„, a^l — q On+m,o, 

n 



n 



[a„,a:-(^)] = -l^z"a;-(z), 

[z — q^'^w)x^{z)x'^{w) = {q^'^z — w)x'^{w)x^{z), 

\x+{z),x-{w)\ = ^-^ {6{q-'-)^l){q'''^w) - diq^-^^iq-'^'^w) 

q — q^^ \ ^ ^ w' 

where [n]^ = ^r^, S{z) = E„ez ^'^^ 



x^(z) 



{{q - q-') E ) ' = exp ( -(g - q-') 

\ n>0 J \ n>0 



Let r be a complex parameter. We set r* = r — c, p = q^^ and p* = g^^* . We define 
the Jacobi theta functions [u] and [u]* by 



„v? I'r—u „v?/r*—u 



1 00 



where 



00 ) 
00 



ni,n2,--- ,nm=0 

Settingp = e"^'^*/'^, [u] satisfies the quasi-periodicity [u+r] = —[u], [u+rr] = e~'^^^'^^^^~^'^'^[u]. 
We denote by {P, e^} a Heisenberg algebra commuting with C[Uq{sl2)] and satisfying 

[P,e«] = -e«. (1.1) 

We take the reahzation Q = ^. We set if = CP © Cr* and if* = CQ © C with the 
pairing < , > 

<Q,P>=l=<^,r*>, 



the others are zero. 

We also consider the Abehan group H* = 1Q. We denote by C[i/*] the group algebra 
over C of ff*, and by e° the element of C[i/*] corresponding to a G H* . These satisfy 
gOg/3 _ ga+/3 Q^Yvd (e")~^ = e~". In particular, = 1 is the identity element. 

Now we take the power series field F = C((P, r*)) as K and consider the semi-direct 
product C-algebra Vq^^^h) = ¥[Ug{7l2)] ®c C[i/*] of ¥[Ug{7l2)] and C[H% whose multi- 
plication is defined by 

(/(P, r*)a ® e°) ■ {g{P, r*)b ® e^) = /(P, r*)g{P+ <a,P>, r*)ab e"+^ , 
a,heC[Ug(;h)l f{P,r*),g{P,r*)e¥, a,PeH*. 

Let us consider the following generating functions. 
u+{z,p) = exp _l_a_„(g'^2;)"j , u-{z,p) = exp ^- ^a„(g-'-2;)-" j . 

We define an automorphism 0^ of C[Uq{sl2)] by 

c i-H> c, h h, 

x'^{z) I— i> {z,p)x'^ {z), x~{z) x~ {z)u~ {z,p), 
ip{z) 1-^ {q^^"^ z , p)ip{z)u~ {q^^^'^ z, p) , 
(p{z) i-H> u'^{q~^^'^z,p)(p{z)u~{q^^'^z,p). 

Definition 1.2. We define E(u), F(u), K(u) G ?7g^p(s [2 )[[«]] and d by the following for- 
mulae. 



E{u) = 0,(x+(2))e'^2 
F{u) = 



d = d-^jP-l){P+l) + UP + h-l){P + h+l), 
where we set z = g^". We call E{u), F{u) , K{u) the elliptic currents. 

In fact, from Definition 11.11 and (11. ip . we can derive the following relations. 



Proposition 1.3. 



c : central, 

[h, an] = 0, [h, E{u)] = 2E{u), [h, F{u)] = -2F{u), 
[d, h]=0, [d, a„] = nan, 

[d, Eiu)] = (-z4- - \] Eiu), [d, Fiu)] = (~z^ - - ) F{u) 



dz r* J \ dz r 

_ [2n]q[cn]q 
On; O-m] — Q <Jn+m,0-, 

n 

KF(n)] = -l^z"F(n), 
n 

E{u)E{v) = L-—^E{v)Eiu), 
F{u)F{v) = 

[u ~ V + 1\ 

[E{u),F{v)] = (5 (q-^-) H^q^'^w) - 5 (q^-) H~{q 

q — q ^ \ \ wJ V wJ 

where z = g^", w = q^"" , 

H^iz) = KK(u±-ir--) + ^K(u±-{r--)-- 
^ ' \ 2^ 2^ 2/ V 2^ 2^ 2 

^{z;p*,q) ^, . {q^z;p,q^)oo{pq^z;p,q^)^ 

^{z;p,q) {q'^z;p,q'^)oc>{pz;p,q^)oo 

In particular we have the following relations which, together with the last three relations 

in the above, appeared in [1]. 

Proposition 1.4. 

K(u)K{v) = p{u - v)K{v)K{u), 

1— r* 1 * 



K{u)E{v) = ^E{v)K{u) 



2 

l+rl 



[u-v + —] 

^ ' ^ ' [u-v + l][u-v-l]* ^ ' ^ ^' 
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where 

Definition 1.5. We call a set (¥\Uq{5{2)] ®ic^[H*], (pr) the elliptic algebra ^j,p(s[2). 

The following relations are also useful. 
Proposition 1.6. 

[K{u), P] = K{u), [E{u), P] = 2E{u), [F{u), P] = 0, 

[K{u),P + h] = K{u), [E{u),P + h] = 0, [F{u),P + h] = 2F{u). 

1.2 The i?LL-relation for Uq^p{5i2) 

We next summarize the i?LL-relation for Uq^p{sl2) [2]. In the next section, the L operator 
is used to discuss the _ff-Hopf algebroid structure of Uq^p{sl2). 
Let us define the half currents in the following way. 

Definition 1.7. 



u 



r+l' 



r^+r ^ *I ^/ ,Ju - n' + c/2 - P + 1]* [1]* dz' 
E^iu) = a* <p Eiu y— — — — . 

^' Jc* [u - u' + c/2]*[P - 1]* 2mz'' 



F+{u) = aj F{u) 



,.[u-u' + P + h-l] [1] dz' 



[u -u'][P + h- 1] 27^^^' ' 
Here the contours are chosen such that 

C* : \p*q''z\ < \z'\ < Iq'^zl, C : \pz\ < \z'\ < \z\, 

and the constants a, a* are chosen to satisfy "^"^^^li"" = 1. 

Definition 1.8. We define the operator L^{u) G Endc^ ® Uq.p(sl2) with V = C'^, by 



1 \ / K+{u-l) \ / 1 

1 ) \ K+{u)-' j \ E+{u) 1 
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Proposition 1.9. The operator L^(u) satisfies the following RLL relation. 



(2), 



U2 



L^^'\u2)L^'^'\m)R^<''\u,-U2,P), (1.2) 



where R'^{u,P + h) and R'^*{u,P) = R'^{u, P)\r^r* denote the elliptic dynamical R ma- 
trices given by 

/l \ 



R+{u,s) =p+(m) 



s) c{u, s) 
c{u, s) b{u, s) 



[1.3) 



with 



b{u, s) 



c M, s 



[1+u] 

[1] [. - U] 



cm, s) 



b{u, s) 



[1] [s + u] 
[s] [1 + u] 
\u] 



u 



[s][i + uy ^ ' ^ [1 

Note that if we set L^(u,P) = L^{u)e~^®^ , L^{u,P) is independent of Q and sat- 
isfies the dynamical RLL relation [2] characterizing the quasi-Hopf algebra a(s'2) [4]- 
Moreover with the parametrization A = (r* + 2)Ao + (P+ l)Ai, where Aq, Aq + Ai are the 
fundamental weights of sl2, Bq^xisl2) is isomorphic to F[t/q(s[2)], as an associative algebra. 
These two facts lead to the isomorphism Uq^p{sl2) = Bq^xi^h) ®c C[H*] as a semi-direct 
product C-algebra. However this semi-direct product breaks down the quasi-Hopf algebra 
structure, so that f/g,p(sl2) is not a quasi-Hopf algebra. In the next section, we show that 
a relevant coalgebra structure of Uq^p{sl2) is the i7-Hopf algebroid. 

Note also that the c = case of the dynamical RLL relation for i3g a(s[2) coincides 
with the one studied by Felder [5,6], whereas the c = case of (11. 2p coincides with the 
RLL relation studied in [7-9] for the trigonometric R and in [10] for the elliptic R. 



2 H-Hopi Algebroid Structure of Uq^p{5i2) 

In this section we introduce an i^-Hopf algebroid structure into t/q,p(sl2). The detailed 
discussion will be published elsewhere [11]. We follow the definition of i^-Hopf algebroid 
given in [7,8] and [9,10] with a modification which makes it applicable in the case with 
non-zero central element. 
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Let ^ = Ch be the Cartan subalgebra, ai the simple root and Ai the fundamental 
weight of SI2. We set Q = Zcti and i)* = CAi. Let us use the same symbol <, > to denote 
the standard paring of () and i)*. Using the isomorphism (p : Q ^ H* by nai ^ nQ, we 
define the f/'*-bigrading structure of Uq^p = Uq^p{5l2) by 



{Uq,p)ap = { X eU, 



q,p 



q^xq = a = 0(a) + P 

q xq = q^^' -^x 



(2.1) 



Noting < a,h >=< </>(«), P >, we have q^^^xq (^+'^) = q<°''^>x for x G {Uq^p)ap. 
We regard / = /(P, r*) G F as a meromorphic function on H* by 

fifi) = f{< fi,P >,< fi,r* >) fieH* 

and consider the field of meromorphic functions Mh* on H* given by 

MH^ = [f:H*^C I 7=/(P,r*) gf}. 

We define two embeddings (the left and right moment maps) /i;,/ir- : Mh* — (f4,p)oo by 

Mf) = f{P + h,r* + c), f,r{f) = f{P,r*). (2.2) 

From (12. ip . one finds for x G (f/g,p)a/3 

fiiif)x = fiP + h,r* + c)x = xfiP + /i+ < a, P >, r* + c) = x^ii{Tj), 
fir{f)x = f{P,r*)x = xf{P+ < P,P>,r*) = XfiriTj), 

where we regard Ta = e"' E C[H*] as a shift operator M^* — * M^* 

{tJ) = e-/(P,r*)e-" = /(P+ < a,P >,r*). 

Hereafter we abbreviate f{P + h,r* + c) and f{P,r*) as f{P + h) and f*{P), respectively. 

Then equipped with the bigrading structure (12. ip and two moment maps (12.20 . the 
elliptic algebra f/g,p(s[2) is an if- algebra [7,8]. 

In addition, we need the iiT-algebra V of the shift operators given by 

i 

{V)aa = { fT-a }, = « ^ /3, 



Let A and B be two //-algebras, Uq^p or V. The tensor product A^B is the bigraded 
vector space with 

where ®Mh* denotes the usual tensor product modulo the following relations. 

I^f{f)a^b = a® fif{f)b aeA,beB. (2.3) 

Then the tensor product A^B is again an if-algebra with the multiplication (a ® 6) (c ® 
(i) = ac ® bd and the moment maps 

Note that we have the if-algebra isomorphism Uq^p®V = Ug^p = V®Uq^p by x®T_p = x = 

T^a®X for X G {Uq^p)af3- 

Now let us define an H-Hopf algebroid structure on Uq^p as its co-algebra structure. 
For this purpose, it is convenient to use the L operator L~^{u). We shall write the entries 
of L~^{u) as 

\LU(u) Lt.{u)) 

From Proposition 11.61 and Definition 11.81 one finds 

It is also easy to check the relations 

fiP + h)LX,^iu) = LUu)fiP + h-e,), 
nP)Ll,,{u) = Lt,Ju)nP-S2). 

Definition 2.1. We define H-algebra homomorphisms, e : Uq^p D and A : Uq^p — > 
Uq^p^Uq^p by 

£(/iK/))=£(/i.(/))=/To, 

e' 

A(e^) = e^®e^, 

A(/i,(/)) = A(/i,(/)) = l®lir{f). 
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We also define an H-algehra anti-homomorphism S : Uc 



Uq,p by 



S{LX^) = Lt,{u-l), SiLX^u)) 




[P + h + 1] 
[P + h] 

5(Li_(n)) = 



[P + h + l][P]* 
[P + h][P + l]* 



In fact one can show that A and S preserve the RLL relation (11. 2p . Moreover we 
have the following lemma indicating that e, A and S satisfy the axioms for the counit, 
the comultiplication and the antipode. Hence the if-algebra f/g,p(s[2) with (A,£:, S) is an 
i/-Hopf algebroid [7-9]. 

Lemma 2.2. The maps e, A and S satisfy 



Definition 2.3. We call the H-Hopf algehroid (f/g,p(s[2), M^*, fJ'i, fJ'r, A, e, S) the ellip- 
tic quantum group Uq^p{5l2). 

3 Representations 

We consider the dynamical representations, i.e. the representations as iZ-algebras [7,8,12], 
of the elliptic algebra Uq,p{sl2)- 

3.1 Evaluation Representation 

We construct the evaluation representation of f/g,p(s[2) by using the one of F[t/g(sl2)]. We 



define the I + 1-dimensional vector space over F by V"*^'-* = Fw^. Here vl^^ {0 < m < I) 



denote the weight vectors satisfying hvl^ = — 2m)t>^. Consider the operator S"^ acting 
on V^''^ by 5'''^^^ = w^^^i, f ^ = for m < 0, m > I. In terms of the Drinfeld generators. 



(A ® id) o A = (id (g) A) o A, 

(e ® id) o A = id = (id ® e) o A. 

m o (id (g) S") o A(x) = fii{e{x)l), Vx G Uq^p, 

m O (5 ® id) O A(x) = flr{Ta{e{x)l)), Vx e {Ug^p)af3- 



m=0 
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the evaluation representation (7r;„,, Vw^ = V^'^ ® C[w,w ^]) of F[f/q(s[2)] is given by [2] 



7rz,t„(c) = 0, 7ii,Ud) = 0, 

7/;" 1 



n q — q 



±h + l + 2 



Note that V^^^ = ^ with V"^, /i = / - 2m spaned by (g) (n G Z). 

AtG{-«,-/+2,--- ,Z} 

Let us define the if-algebra T>h,v by 



H,V)al3 



for V e V^. Then tt;,^ = tt^,^ ® id : Ug,p(7l2) = ¥[Ug{7l2)] ®c C[H*] Vh,v with e'^v^ = 
yields the if-algebra homomorphism. We call (vfj^^^,, the dynamical evaluation 
representation. In particular, applying this to Definitions 11.21 11.71 H-Sj we obtain the 
following expressions for the images of the L^{u) operator. 



X G EndcKf/^ 



X{r{P)v) = f*{P- < (3,P>)X{v),v e V^'^ 



Theorem 3.1. 



7ri,^(L++(n)) 
7r;,^(L+_(n)) 



[u-v + h±l][P-l^][P + ld 
y^i{u - v)[P][P + h + 1] 



ifiiu - v)[P + h - 1] 



where we set z = g^", w = q^'" , and 



\u — V 



h+l 



-P][ 



l±h±2-\ 



U ~ V 



ifl{u - v)[P] 

h-U 



(pi{u - v) 
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The following Proposition indicates a consistency of our construction of ni^y, and the 
fusion construction of the dynamical R matrices (=face type Boltzmann weights). 

Proposition 3.2. Let us define the matrix elements of t[i^u]{L'^_^^^{u)) by 

I 

m'=0 

where Hm = ^ — 2m. Then we have 



SIM™' • 



Here Rii{u — v,P) is the R matrix from (C.17) in [2]. The case I = 1, Rfi{u — v,P) 
coincides with the image (tti^^ ® t^i^w) of the universal R matrix TZ'^{X) [4] given in (11.31) . 
The case I > 1, Rii{u — v, P) coincides with the R matrix obtained by fusing Rti{u — v, P) 
l-times. In particular the matrix element Rii{u — v, -P)|jf' is gauge equivalent to the fusion 
face weight Wii{P + e' , P + e' + fi' , P + fi, P\u - v) from (4) in [13]. 

3.2 Infinite Dimensional Representation 

Let V{Xi) be the level-fc (c = k) irreducible highest weight F[f/q(s[2)]-module of highest 
weight Xi = {k — 1)Aq + lAi (0 < / < k). Here Aj [i = 0,1) denote the fundamental 
weights of 7(2. We regard V{X) = ®^^^V{X) ® Ce-"'^ as the Ug,p{7l2)-modu\e [2]. 

We realize ^(A;) by using the Drinfeld generators a„ {n E Z^q) Suud the g-deformed 
Zfc-parafermion algebra [1,2,14]. Let us define a„ (n G Z^o) by 



ar. 



with r* = r — k. Then we have 



a„ for 77, > 
Tl?%g'=l"la„ for n < 



[2m],[km]g [rm]g ^ 
m [r*m\q 

The g-deformed Zfc-parafermion algebra is an associative algebra over C generated by 
^1^+ i±-n {fJ',n G Z). Consider the generating functions (parafermion fields) 



vi/(z)^M/+(^) = 5^vl/^,^_„. 



-fj./k+n—l 
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defined on a weight vector v satisfying q^v = q^v. Tlie parafermion fields '^{z) and ^"^{z) 
satisfy 

\wJ {x~^+''w/z;x^'')oo ^zJ (x-2+*=z/w;;x2*^)oo 

Theorem 3.3. [I4] By using the irreducible q-l^t parafermion module 'Hf^^, the level-k 
irreducible highest weight Uq^p{sl2) -module V{Xi) is realized as follows. 

2k-l 

mGZ nSZ M=0 mod 2k 

{M = l mod 2) 

The action of the elliptic currents on V(A/) are given by 



K{u) ^ : exp I - y , f , a.^z^ \ : ,-H2P-mrr'+h/2r 
^ ^ \ ^ [2m]g[rm]g 



vzm,\„\rm,\„ 



E{u) ^ ^{z) : exp - 5^ 'amZ-"^ : e^Q+^i^C^+D/^-C^^-DA; 

h-. ^(z)t : exp ( y -X^I^a^z-A : e-"iz-('^-i)/2+(^+'^-i)A. 

Let (^y, V"), {ttw, W) be two dynamical representations of Ug^p. We define the tensor 
product V'S)W by 

where ®m„* denotes the usual tensor product modulo the relation 

f*{P)v®w = v® f{P + h)w. (3.1) 
Then, {tiv®t^w) ° ^ : Ug^p T>h,v®T>h,w is a dynamical representation of Ug^p on V"®!^ . 
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4 Vertex Operators 



By using the iJ-Hopf algebroid structure, we define the type I and II vertex operators 
of ?7<j,p(s[2) as intertwiners of f/q,p(s[2)-niodules. Investigating their intertwining relations, 
we show that they coincide with those obtained in [2] by using the quasi-Hopf algebra 
structure of Bq^x{5l2) and the isomorphism Uq^p{sl2) = I3q^xisl2) ®c C[H*]. 

Definition 4.1. The type I and II vertex operators of spin n/2 are the intertwiners of 
Uq^p-modules of the form 

${u) : V{X) Vj^'^^Viu), 

where z = g^", and V{X) and V{i') denote the level-k highest weight Uq^p-modules of 
highest weights A, v, respectively. They satisfy the intertwining relations with respect to 
the comultiplication A in Definition \2. 1\ 

A(x)$(m) = Vx e Uq^p, (4.1) 

x^*{u) = §*(n)A(x) Vx e Uq^p. (4.2) 

The physically interesting cases are n = k, X = Xi,u = X^^i for the type I and n = 
1, A = A/, z/ = A/±i for the type II. See for example [14]. 

Let us define the components of the vertex operators as follows. 

Hv--) = J2<®'^miv), (4.3) 

m=0 

^*{v-^-^){-^v-J = ^l{v). (4.4) 

Theorem 4.2. The vertex operators satisfy the following linear equations. 

${u)L+{v) = Rti^^\v -u,P + h)L+{v)^u), (4.5) 
L+{v)^*{u) = ^*{u)L+{v)Rt*^^^\v-u,P -h^^^ ~h^^^). (4.6) 

The relation (14.51) should be understood on Vw^^®V{X), whereas (14. 6 p on Vw^^0V{X)®Vz^K 
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Proof. Applying A in Definition 12.11 and noting Proposition 13.21 we obtain from (14.11) 



n 



m=0 e 
n n 



m=0 e m'=0 
n n 

E E E ^tniv -U,P + h)f-^,LteM^r^ 



m'=0 m=0 £ 

wliere /i^ = n — 2m etc. In tlie last equality we used (13.11) . Similarly for the type II, from 
fl4.2p we obtain 



£ rn' 

E E ^*(^' + \) - ^ - 

£ m' 

E ^-'(^ + ^)^^"'^* - ^ - -"-or;:, 4^.£(«) 

£ 



Here in the third equality, we used the relation (13. ip . Note also e + /i^' = ^2 + A^m- CH 
The equations ( 14. 5p and ( 14. 6p coincide with (5.3) and (5.4) in [2], respectively. Note 
that the comultiplication used in [2] corresponds to the opposite one of A here. Under 
certain analyticity conditions, these equations determine the vertex operators uniquely 
up to normalization. 
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